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UNIQUENESS OF SOLUTIONS TO Lp-CHRISTOFFEL-MINKOWSKI
PROBLEM FOR p < 1
LI CHEN
Abstract. Since the lack of Brunn-Minkowsk inequality and constant rank theorem, the
uniqueness of solutions to Lp-Christoffel-Minkowski problem for p < 1 is a very difficult and
challenging problem. In this paper, we make some progresses on this problem and prove a
uniqueness theorem for p < 1.
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1. Introduction
The Lp-Christoffel-Minkowski problem which is equivalent to solve the following PDE
σk(uij + uδij) = ψ(x)u
p−1 on Sn,(1.1)
arises naturally in the Lp-Brunn-Minkowski theory, see [14, 17]. The Lp-Minkowski problem
(k = n) has been extensively studied during the last twenty years after the seminal work of
Lutwak [14], see [1, 5, 16, 15] for motivation and see also [17] for the most comprehensive list of
results. When p > 1, the existence and uniqueness of solutions are well understood. However,
when p < 1 the uniqueness of solutions to the Lp-Minkowski problem is very subtle, and indeed
it was shown in [11] that the uniqueness fails when p < 0 even restricted to smooth origin-
symmetric convex bodies. Recently, Brendle-Choi-Daskaspoulos [2] shows the uniqueness holds
true for 1 > p > −1−n and ψ ≡ 1, and Chen-Huang-Li-Liu [3] prove the uniqueness for p close
to 1 and even positive function ψ.
For k < n, if p ≥ 1, under a sufficient condition on the prescribed function ψ, the existence and
uniqueness of solutions to Lp-Christoffel-Minkowski problem are also well understood through
Guan-Ma’s work [8] for p = 1, Hu-Ma-Shen’s work [12] for p ≥ k + 1 and Guan-Xia’ work [9]
for 1 < p < k + 1 and even prescribed data, by using the constant rank theorem. See also
[10] for the proof of uniqueness and [13] for a simple proof. But for p < 1, since the lack of
Brunn-Minkowsk inequality and constant rank theorem, the uniqueness is a very difficult and
challenging problem. As far as I know, the uniqueness for p < 1 is unknown until now. In this
paper, we make some progresses in this direction for ψ ≡ 1.
We consider the uniqueness of solutions to the following Lp-Christoffel-Minkowski problem:
σk(uij + uδij) = u
p−1 on Sn.(1.2)
where uij are the second order covariant derivatives with respect to any orthonormal frame
{e1, e2, ..., en} on S
n, δij is the standard Kronecker symbol and σk is the k-th elementary sym-
metric function. To ensure the ellipticity of (1.2), we have to restrict the class of functions.
Definition 1.1. A function u ∈ C2(Sn) is called k-convex if
λ[uij + uδij ] = (λ1[uij + uδij ], ..., λn[uij + uδij ])
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belongs to Γk for all x ∈ S
n, where Γk is the Garding’s cone
Γk = {λ ∈ R
n : σj(λ) > 0,∀ 1 ≤ j ≤ k}.
We mainly get the following result.
Theorem 1.2. Assume u ∈ C4(Sn) is a k-convex solution to (1.2) satisfying that uij+uδij ≥ 0
on Sn, then u ≡ constant for 1 > p > 1− k.
Our proof is motivated by the idea of Choi-Daskaspoulos [4] and Brendle-Choi-Daskaspoulos
[2] in which they show the self-similar solution Σ of α-Gauss curvature flow satisfying the
equation
Kα = 〈X, ν〉
is a sphere when α > 1
n+2 , where Σ is an embedded, strictly convex hypersurface in R
n+1 given
by X : Sn → Rn+1, K and ν are the Gauss curvature and out unit normal of Σ respectively.
Their result is also equivalent to say that the Lp-Minkowski problem (1.2)(k = n) has the unique
solution u ≡ 1 for 1 > p > −n− 1. In [4, 2], the authors introduce two important functions:
W (x) = Kαλ−11 (hij)−
nα− 1
2nα
|X|2 = u · λ1(bij)−
nα− 1
2nα
(u2 + |Du|2)
and
Z(x) = Kαtr(bij)−
nα− 1
2α
|X|2 = u · tr(bij)−
nα− 1
2α
(u2 + |Du|2),(1.3)
which are the key to their proof, where λ1(hij) and λ1(bij) are the smallest and biggest eigenval-
ues of the second fundamental form hij of Σ and its inverse matrix bij respectively, u : S
n → Σ ⊂
R
n+1 is the support function of Σ. Later, Gao-Li-Ma [7] and Gao-Ma[6] use this two functions
above to study the uniqueness of closed self-similar solutions to σαk -curvature flow following the
idea of [4, 2]. In fact, in [7] the authors consider the following general equation
Sα(κ1, ..., κn) = 〈X, ν〉,(1.4)
where S is a 1-homogeneous smooth symmetric function of the principle curvatures κi. Under
some assumptions on S, they show Σ = X(Sn) is a round sphere for α ≥ 1. Examples of S
include S = σk(κ1, ..., κn), but not include S =
σn
σn−k
(κ1, ..., κn), for which the equation (1.4) is
equivalent to Lp -Christoffel-Minkowski problem with p = 1−
1
α
. The main difficulty lies in the
non-positivity of the term (2.3)
2β
(
kσkf − n
n∑
i=1
σk−1(λ|i)λ
2
i
)
,
if f = σ1. (In this case, the Z function (1.5) is just the original Z function (1.3).) To overcome
this difficulty, the easiest way is to choose f such that kσkf − n
∑n
i=1 σk−1(λ|i)λ
2
i = 0. So, we
need to modify the Z function. We introduce the following two functions:
W (x) = u · λ1(bij)− β(u
2 + |Du|2)
and
Z(x) = uF (bij)− nβ(u
2 + |Du|2),(1.5)
where λn ≤ ... ≤ λ2 ≤ λ1 are the eigenvalues of the matrix bij = uij + uδij , β =
p−1+k
2k and
F (bij) = f(λ1, λ2, ..., λn) =
n∑
i=1
nσk−1(λ|i)λ
2
i
kσk
,
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here σk−1(λ|i) =
∂σk
∂λi
is also the (k− 1)-th elementary symmetric function of λ = (λ1, λ2, ..., λn)
with λi = 0.
Remark 1.1. We can propose the following questions:
(i) When k = n our result does not cover the previous result in [4, 2], then it is natural to
ask if one can improve it.
(ii) Can we Theorem 1.2 hold true without the assumption on the positive semi-definite of
uij + uδij?
(iii) Can we construct some non-uniqueness examples of solutions to (1.2) for p < 1− k?
2. The proof of Theorem 1.2
We denote by σk−1(λ|i) =
∂σk
∂λi
and σk−2(λ|ij) =
∂2σk
∂λi∂λj
. We use the notations ui = Diu,
uij = DjDiu, Dlbij = bij;l ..., and so on, where D is the standard Levi-Civita connection on S
n.
Set bij = uij + uδij , we denote by λn ≤ ... ≤ λ2 ≤ λ1 are the eigenvalues of {bij}, arranged in
decreasing order. Each eigenvalue defines a Lipschitz continuous function on Sn.
We recall the following Lemma which is similar to Lemma 5 in [2].
Lemma 2.1. Suppose that ϕ is a smooth function on Sn such that
λ1 ≤ ϕ everywhere and λ1(p) = ϕ(p).
Let m denote the multiplicity of the biggest eigenvalue at p, so that
λn(p) ≤ ... ≤ λm+1(p) < λm(p) = ... = λ1(p).
Then, we have
bij;l = ϕlδij at p for 1 ≤ i, j ≤ m.
Moreover,
ϕii ≥ b11;ii + 2
∑
l>m
(b1l;i)
2
λ1 − λl
, at p.
We also need Lemma 4.4 in [7] which statement as follows.
Lemma 2.2. Under the assumptions of Lemma 2.1, we have
σ
ij,pq
k bij;1bpq;1 − 2σ
ii
k
∑
l>m
(b1l;i)
2
λ1 − λl
=
∑
i 6=j
σk−2(λ|ij)bii;1bjj;1 − 2
∑
i>m
σk−1(λ|i)
(b11;i)
2
λ1 − λi
− 2
∑
i>m
σk−1(λ|i)
(bii;1)
2
λ1 − λi
+2
∑
i>j>m
σk−1(λ|i)(λ1 − λi)
2 − σk−1(λ|j)(λ1 − λj)
2
(λ1 − λi)(λ1 − λj)(λi − λj)
b2ij;1.
Now, we begin to prove Theorem 1.2. Set
W (x) = u · λ1(bij)− β(u
2 + |Du|2),
where β = p−1+k2k > 0, λ1, ..., λn are the eigenvalues of {bij}, λn ≤ ... ≤ λ1. Our proof is divided
into two steps.
Step 1: we will prove
λ1(x0) = λ2(x0) = ... = λn(x0) and |Du|(x0) = 0
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for any x0 ∈ {x ∈ S
n :W (x) = maxSn W}.
Assume W (x) attains its maximum at x0. As above, we denote by m the multiplicity of the
biggest eigenvalue at x0. Let us define a smooth function ϕ such that
W (x0) = u · ϕ− β(u
2 + |Du|2).
Since W attains its maximum at x0, we have ϕ(x) ≥ λ1 everywhere and λ1 = ϕ at x0. Choose
a coordinate at x0 such that
bij(x0) = diag{λ1(x0), ..., λn(x0)}
with
λn(x0) ≤ ... ≤ λm+1(x0) < λm(x0) = ... = λ1(x0).
Since u · ϕ− β(u2 + |Du|2) = constant, then,
[ϕ− β(u2 + |Du|2)]i = 0(2.1)
and
[ϕ− β(u2 + |Du|2)]ii = 0.(2.2)
Taking (2.1)’s value at x0 results in
0 = uiλ1 + ub11;i − 2βuiλi.
Thus,
b11;i =
ui
u
(2βλi − λ1),
which implies together with Lemma 2.1 ui(x0) = 0 for 2 ≤ i ≤ m. Taking (2.2)’s value at x0
results in
0 = uiiλ1 + 2uib11;i + uϕii − 2β[u
2
i + uuii + u
2
li + ululii]
Thus,
0 = uiiλ1 + 2uib11;i + uϕii − 2β[u
2
i + uuii + u
2
li + ululii]
≥ (λi − u)λ1 + 2ui
ui
u
(2βλi − λ1) + u
(
b11;ii + 2
∑
l>m
(b1l;i)
2
λ1 − λl
)
−2β[λi(λi − u) + ulbii;l]
≥ λiλ1 − uλi +
2u2i
u
(2βλi − λ1) + u
(
bii;11 + 2
∑
l>m
(b1l;i)
2
λ1 − λl
δ1i
)
−2β[λ2i − uλi + ulbii;l],
here we use the following Ricci identity
bii;11 = b11;ii − b11 + bii
to get the last inequality. Differentiating the equation (1.2) shows
σiik bii;1 = (p− 1)u
p−2u1.
Differentiating it again
σiik bii;11 = (p− 1)u
p−3[uu11 + (p − 2)u
2
1]− σ
ij,pq
k bij;1bpq;1
= (p− 1)up−3[uλ1 − u
2 + (p− 2)u21]− σ
ij,pq
k bij;1bpq;1.
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Due to the concavity of σ
1
k
k (λ),
−
∑
i 6=j
σk−2(λ|ij)bii;1bjj;1 ≥ −
(k − 1)(p − 1)2
k
up−3u21,
which results in together with Lemma 2.2 by noticing that the forth and fifth terms in the right
hand of the equation in Lemma 2.2 are negetive
−σij,pqk bij;1bpq;1 + 2σ
ii
k
∑
l>m
(b1l;i)
2
λ1 − λl
≥ −
(k − 1)(p − 1)2
k
up−3u21 + 2
∑
i>m
σk−1(λ|i)
(b11;i)
2
λ1 − λi
.
Then,
0 = σijk [u · ϕ− β(u
2 + |Du|2)]ij
≥ kup−1λ1 − ku
p +
n∑
i=1
σk−1(λ|i)
2u2i
u
(2βλi − λ1)
+u
(
(p− 1)up−3[uλ1 − u
2 + (p − 2)u21]−
(k − 1)(p − 1)2
k
up−3u21
+
2
u2
∑
i>m
σk−1(λ|i)
λ1 − λi
u2i (2βλi − λ1)
2
)
−2β
( n∑
i=1
σ(λ|i)λi(λi − λ1) + ku
p−1λ1 − ku
p + (p− 1)up−2
n∑
i=1
u2i
)
≥ up−1(kλ1 + (p− 1)λ1 − 2βkλ1)
+up(−k − (p− 1) + 2kβ) + 2βσk−1(λ|i)λi(λ1 − λi)
+
u21
u
(
2(2β − 1)σk−1(λ|1)λ1 + (p − 1)(p − 2)u
p−1
−
(k − 1)(p − 1)2
k
up−1 − 2β(p − 1)up−1
)
+
2
u
∑
i>m
σk−1(λ|i)u
2
i (2βλi − λ1)
(2β − 1)λi
λ1 − λi
+2β(1 − p)up−2
∑
i>m
u2m
≥ u21u
p−3 2(k − 1)(1− p)
k
+
2
u
∑
i>m
σk−1(λ|i)u
2
i (2βλi − λ1)
(2β − 1)λi
λ1 − λi
+2β(1 − p)up−2
∑
i>m
u2m ≥ 0,
where we use the following inequality to get the last inequality
σk(λ) ≥ λ1σk−1(λ|1)
in view of the assumption on the positive semi-definite of uij + uδij . Thus, λ1(x0) = λ2(x0) =
... = λn(x0) and |Du|(x0) = 0.
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Step 2: we want to show that {x ∈ Sn :W (x) = maxSn W} is an open set.
We define
Z(x) = uF (bij)− nβ(u
2 + |Du|2),
where
F (bij) = f(λ1, λ2, ..., λn) =
n∑
i=1
nσk−1(λ|i)λ
2
i
kσk
=
n
k
[σ1 − (k + 1)
σk+1
σk
],
which is a 1-homogeneous convex function satisfying f(1, 1, ..., 1) = n, since u is k-convex. We
will prove for any x0 ∈ {x ∈ S
n : W (x) = maxSn W}, there exists a small neighborhood U(x0)
of x0 such that
σ
ij
k Zij +
2
u
σ
ij
k uiZj ≥ 0
and
Z(x0) = max
Sn
Z(x).
Denoting by fi =
∂f
∂λi
and fij =
∂2f
∂λi∂λj
. For any x ∈ U(x0), we choose a coordinate at x such
that
bij(x) = diag{λ1(x), ..., λn(x)}.
Then, we have at x
Zi = uif + u
n∑
l=1
F pqbpq;i − 2nβuiλi
and
Zii = uiif + 2ui
n∑
l=1
flbll;i + uF
pq,stbpq;ibst;i + u
n∑
l=1
flbll;ii − 2nβ[u
2
i + uuii + u
2
li + ululii]
= λif − uf + 2ui
(
Zi
u
+
ui
u
(2nβλi − f)
)
+ uF pq,stbpq;ibst;i + u
n∑
l=1
flbll;ii
−2nβ[λ2i − uλi + ulbii;l]
= λif + u
(
− f +
∑
l
flλl − λi
∑
l
fl
)
+ 2ui
(
Zi
u
+
ui
u
(2nβλi − f)
)
+uF pq,stbpq;ibst;i + u
n∑
l=1
flbii;ll − 2nβ[λ
2
i − uλi +
n∑
l=1
ulbii;l]
= λif − uλi
n∑
l=1
fl + 2ui
(
Zi
u
+
ui
u
(2nβλi − f)
)
+uF pq,stbpq;ibst;i + u
n∑
l=1
flbii;ll − 2nβ[λ
2
i − uλi +
n∑
l=1
ulbii;l]
≥ λif − uλi
n∑
l=1
fl + 2ui
(
Zi
u
+
ui
u
(2nβλi − f)
)
+u
n∑
l=1
flbii;ll − 2nβ[λ
2
i − uλi +
n∑
l=1
ulbii;l]
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in view of the Ricci identity
bii;ll = bll;ii − bll + bii
and we use the convexity of f to get the last inequality. Differentiating the equation (1.2) shows
σiik bii;l = (p− 1)u
p−2ul.
Differentiating it again
σiik bii;ll = (p− 1)u
p−3[uull + (p− 2)u
2
l ]− σ
ij,pq
k bij;lbpq;l
= (p− 1)up−3[uλl − u
2 + (p− 2)u2l ]− σ
ij,pq
k bij;lbpq;l.
Due to the concavity of σ
1
k
k ,
σ
ij,pq
k bij;lbpq;l ≤
k − 1
k
(σijk bij;l)
2
σk
.
Then,
σ
ij
k Zij
≥ kup−1f − kup
n∑
i=1
fi +
2
u
σ
ij
k uiZj +
n∑
i=1
σk−1(λ|i)
2u2i
u
(2nβλi − f)
+u
(
(p− 1)up−3[uf − u2
n∑
i=1
fi + (p − 2)
n∑
i=1
u2i fi]−
k − 1
k
(p− 1)2up−3
n∑
i=1
u2i fi
)
−2nβ
( n∑
i=1
σk−1(λ|i)λ
2
i − ku
p + (p − 1)up−2
n∑
i=1
u2i
)
≥ up−1(kf + (p− 1)f − 2βkf) + up
(
− k
n∑
i=1
fi − (p − 1)
n∑
i=1
fi + 2nkβ
)
+
2
u
σ
ij
k uiZj
+
n∑
i=1
u2i u
p−2
(
2σk−1(λ|i)(2nβλi − f)u
1−p + (p− 1)(p − 2)fi
−
k − 1
k
(p − 1)2fi + 2nβ(1− p)
)
+2β
(
kσkf − n
n∑
i=1
σk−1(λ|i)λ
2
i
)
(2.3)
≥ up
(
− k
n∑
i=1
fi − (p − 1)
n∑
i=1
fi + 2nkβ
)
+
2
u
σ
ij
k uiZj
+
n∑
i=1
u2i u
p−2
(
2σk−1(λ|i)(2nβλi − f)u
1−p + (p− 1)(p − 2)fi
−
k − 1
k
(p − 1)2fi + 2nβ(1− p)
)
.
At x0, we have λ1 = λ2 = ... = λn. Thus, at x0
n∑
i=1
nλi = f and fi(x0) = 1 ∀1 ≤ i ≤ n.
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Thus,
2σk−1(λ|i)(2nβλi − f) = 2k(2β − 1)u
p−1.
So,
2σk−1(λ|i)(2nβλi − f)u
1−p + (p− 1)(p − 2)fi −
k − 1
k
(p − 1)2fi + 2nβ(1− p)
=
(1− p)(n− 1)(p + k − 1)
k
> 0
for 1 > p > 1− k. Thus, there exists a small neighborhood U(x0) such that
u2iu
p−2
(
2σk−1(λ|i)(2nβλi − f)u
1−p + (p − 1)(p − 2)fi
−
k − 1
k
(p − 1)2fi + 2nβ(1− p)
)
≥ 0.(2.4)
Moreover, we obtain by Newton-MacLaurin’s inequality
n∑
i=1
∂(
σk+1
σk
)
∂λi
≥
n− k
k + 1
,
which implies
n∑
i=1
fi ≤
n
k
[n− (k + 1)
n− k
k + 1
] = n.
Thus,
up(−k
∑
l
fl − (p − 1)
∑
l
fl + 2nkβ) = u
p(k + p− 1)(n −
∑
l
fl) ≥ 0.(2.5)
Thus, combing (2.4) and (2.5), we can find U(x0) such that
σ
ij
k Zij +
2
u
σ
ij
k uiZj ≥ 0.
Since fi(λ0) = 1, we can choose U(λ0) such that f is increase with each λi in U(λ0), where
λ0 = (λ1(x0), ..., λn(x0)). Then, we can choose U(x0) such that {λ(x) : x ∈ U(x0)} ⊂ U(λ0).
So, we have
Z(x0) = nW (x0) ≥ nW (x) ≥ Z(x),
which implies
Z(x0) = max
U(x0)
Z(x).
Thus, we have by the strong maximum principle
W (x0) =W (x).
for any x in U(x0). Thus, W (x) ≡ maxSn W for any x ∈ S
n. So, Du = 0 which implies
u = constant. Thus, we complete our proof.
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